Abstract. Thin and thick sets in normed spaces were defined and studied by M. I. Kadets and V. P. Fonf in 1983. In this paper, we give a new characterization of thick sets in terms of weak integrability of Banach space valued measurable functions. We also characterize thick sets in terms of boundedness of vector measures, and explain how this concept is related to the theory of barrelled spaces.
Introduction
Let X be a Banach space. A subset B ⊂ X * is said to be weak * -norming if inf x∈S X sup x * ∈B |x * (x)| > 0. Equivalently, the set B is weak * -norming if and only if its weak * -closed absolutely convex hull contains some ball. The set B is said to be weak * -non-norming if it is not weak * -norming. In [Fo1] Fonf defined a set A ⊂ X * to be weak * -thin if it can be represented as a non-decreasing countable union of weak * -non-norming sets. (Remark that Fonf used the term "thin" instead of "weak * -thin".) As in [N1] and [N2] , let us say that the set A is weak * -thick if it is not weak * -thin. For characterizations of weak * -thick sets in terms of uniform boundedness of families of functionals in X, and surjectivity of conjugate operators, we refer to [Fo2, Proposition 1] and [N2, Theorems 3.4 and 4.6 ] (see also Theorem 4.4 of the present paper for the summary of these characterizations).
In [Fo1,  Theorem 1], Fonf proved that if X does not contain any closed subspaces isomorphic to c 0 , then extB X * , the set of extreme points of the dual unit ball, is weak * -thick. From this he deduced (see [Fo1, Theorem 4] ) that if X is separable and does not contain any isomorphic copies of c 0 , then whenever (Ω, Σ, µ) is a finite measure space and a function f : Ω → X is such that
, f is weakly integrable (and thus Pettis integrable by a well known result of Dimitrov and Diestel (see [Dim] or [DU, p. 54, Theorem 7] )). The main objective of this paper is to generalize this result by giving the following new characterization of weak * -thick sets. 
Main theorem
In Section 2, we prove the Main Theorem. As a corollary, it specializes to give a characterization of weak * -thick sets in X * in terms of weakly unconditionally Cauchy series. In Section 3, we prove a characterization of weak * -thick sets in terms of boundedness of vector measures. In Section 4, we explain how "thickness", a notion dual to "weak * -thickness", is related to the theory of barrelled spaces. Throughout this paper, X will be a Banach space. Our notation is standard. The unit ball and the unit sphere of X are denoted, respectively, by B X and S X . For a set A ⊂ X, we denote by extA the set of extreme points of A, and by absconv(A) its absolutely convex hull. If some subsets A j ⊂ X, j ∈ N, are such that A 1 ⊂ A 2 ⊂ A 3 ⊂ . . ., then, for their union, we sometimes write
Thickness and weak integrability
The "if" part of the Main Theorem is an immediate consequence of the following lemma which will be used also in Section 3.
Lemma 2.1. Let a subset A ⊂ X * be weak * -thin, and let
, and a real number δ > 0 such that
Corollary 2.2. Let a subset A ⊂ X * be weak * -thin, and let (Ω, Σ, µ) be a measure space such that there are pairwise disjoint sets
Proof. The assertion follows by applying Lemma 2.1 for α j = µ(A j ), j ∈ N, and
Proof of Lemma 2.1. Since A is weak * -thin, it has a representation A = ∞ j=1 A j ↑ where all the A j are weak * -non-norming, i.e., inf
Note that whenever x * ∈ A, then there is some m ∈ N such that x * ∈ A j for all j ≥ m, and thus
Now there are two alternatives:
In the case 1), choose an increasing sequence of indices (ν j ) such that, for some δ > 0, one has α νj |x * i0 (x νj )| > δ for all j ∈ N, and put z * = x * i0 . In the case 2), put ν 1 = 1 and proceed as follows. Given indices
and 2
ν i (this series converges because it converges absolutely), it remains to observe that, whenever j ∈ N and i > j, one has
, and thus, for all j ∈ N,
.
Proof of the Main Theorem. Sufficiency has been proven in Corollary 2.2.
Necessity has been essentially proven in [Fo1, Theorem 4] . For the sake of completeness, we shall give the details also here.
Let A ⊂ X * be weak * -thick, let (Ω, Σ, µ) be a measure space, and let an essentially separable valued function f :
A j ↑, and the thickness of A implies the existence of some m ∈ N and δ > 0 such that absconv
By the Banach-Steinhaus theorem, from [N2, Theorem 3.4 ] (see also Theorem 4.4 of the present paper) it follows that any Banach space is a weak * -thick subset of its bidual. Thus the Main Theorem yields the following corollary (which is probably known although the authors do not know any reference for it).
Corollary 2.3. Let (Ω, Σ, µ) be a measure space, and let f : Ω → X * be an essen-
Recall that a series ∞ j=1 x j in X is said to be weakly unconditionally Cauchy if 
A is weakly unconditionally Cauchy.
The "only if" part of Corollary 2.4 gives the known link between Fonf's theorem stating that if X does not contain any isomorphic copies of c 0 , then extB X * is weak * -thick (see [Fo1, Theorem 1]) , and a theorem of Elton (see [E, Corollary] or [D, p. 169, Theorem 15] ).
Thickness and bounded vector measures
Let F be an algebra of subsets of a set Ω, and let F : F → X be a vector measure (i.e., let F be a finitely additive set function). It is standard (see [DU, p. 4, Proposition 11] ) that F has bounded range if and only if it is of bounded semi-variation, i.e., F (Ω) = sup x * ∈B X * |x * F |(Ω) < ∞ (see [DU, p. 2] for the definitions of the variation and the semivariation of a vector measure).
An important consequence of the Nikodým boundedness theorem is the following result of Dieudonné and Grothendieck.
Proposition 3.1 (see [DU, p. 16 
]). Let F be an X-valued set function defined on a σ-algebra Σ of subsets of a set Ω, and suppose that, for each x
* belonging to some total subset Γ ⊂ X * , the function x * F is bounded and finitely additive. Then F is a bounded vector measure.
The interesting part of the theorem is of course the test for boundedness: if Σ is a σ-algebra, then it is enough to test on a total subset Γ ⊂ X * . In general, Proposition 3.1 may fail for algebras that are not σ-algebras. We now show that there is a general test for boundedness also if the vector measure is defined merely on an algebra. Proof. By the Hahn-Banach theorem, the additivity of F follows easily from the weak * -denseness of span Γ in X * , and it remains to show that F is bounded. Proof. Applying Lemma 2.1 for α j = 1, j ∈ N, produces some z j ∈ X, j ∈ N, z * ∈ X * , and δ > 0 such that
|z * (x ν j )| x ν j in Lemma 2.1). It remains to define the vector measure F : F N → X by
Notes and remarks
There is a notion dual to "weak * -thickness", namely, "thickness". A subset B ⊂ X is said to be norming if inf
Equivalently, the set B is norming if and only if its closed absolutely convex hull contains some ball. The set B is said to be non-norming if it is not norming. In [KF] , Kadets and Fonf defined a set A ⊂ X to be thin if it can be represented as a non-decreasing countable union of non-norming sets. As in [N1] and [N2] , let us say that the set A is thick if it is not thin. 
The perhaps most famous thick set is the set A of characteristic functions in B(Σ), the space of bounded measurable functions on a measurable space (Ω, Σ): Nikodym's boundedness theorem states that A satisfies the condition (iv) in B(Σ), Seever's theorem states that A satisfies the condition (iii). Remark that both these theorems were proved before Theorem 4.1 was commonly known.
It is well known that every pointwise bounded family of continuous linear operators from a locally convex space (LCS) E to some other LCS is equicontinuous if and only if the space E is barrelled, i.e., every absolutely convex closed absorbing set (every barrell ) in E is a neighbourhood of zero. The theory of barrelled LCS is by now well documented through many books, among them [V] and more recently [FLPSR] and [K] . If an LCS is metrizable, then it is barrelled if and only if it is Baire-like, i.e., it can not be represented as a countable non-decreasing union of absolutely convex, nowhere dense sets. In this defininition, one may of course assume the sets to be closed. Observing that whenever a subset of a Banach space is thin, then its linear span is thin as well, just comparing the definitions gives 
Whenever a family of elements of the space X is pointwise bounded on A, then this family is norm bounded.
On the contrary to Theorem 4.1, Theorem 4.4 has nothing to do with results from the theory of barrelled spaces: it does not say anything about the equicontinuity of weak * -continuous linear functionals, but it gives a test for the equicontinuity of norm continuous linear functionals.
The already mentioned theorem due to Fonf (see [Fo1, Theorem 1] ) states that if extB X * is weak * -thin in X * , then X contains a copy of c 0 . If X is separable, the same is true for w * -expB X * , the set of weak * -exposed points of B X * , as is shown in [Fo2, Theorem 3 * ]. Using results of Fonf, Nygaard showed in [N2] that if both X * and Y are c 0 -free, then the set E = extB X * * ⊗ extB Y * is weak * -thick in L(X, Y ) * . From this it follows that if both X * and Y are c 0 -free, then extB K(X,Y ) * is weak * -thick in K(X, Y ) * . Note that even K( 2 ) contains a copy of c 0 . In the theory of analytic functions, a set A satisfying the condition (iv) of Theorem 4.1 is called a uniform boundedness deciding set (UBD-set) (see [FHS] ). It has been shown by Fernandez ([Fe] ) that the set of inner functions is a UBD-set in (H ∞ , w * ). Later it has been shown by H. Shapiro ([Sh] ) that also the set of the Blaschke-products has this property. Whether the inner functions form a UBD-set in (H ∞ , · ) is still unknown. In other words, it is unknown whether the linear span of the inner functions in H ∞ is barrelled. What is known from [Sh] is that this linear span is not a Baire space, but the inner functions form a norming set in H ∞ . In fact, the closed, convex hull of the Blaschke-products is exactly the unit ball in H ∞ (see [G, Cor 2.6 p. 196] ).
